Abstract. This article is devoted to the study of the multifractal analysis of ergodic averages in some nonuniformly hyperbolic systems. In particular, our results hold for the robust classes of multidimensional nonuniformly expanding local diffeomorphisms and Viana maps.
Introduction and Preliminaries
The multifractal analysis of dynamical systems is a subfield of the dimension theory of dynamical systems. Roughly speaking, multifractal analysis studies the complexity of the level sets of invariant local quantities obtained from a dynamical system. Barreira, Pesin and Schmeling [5] introduced the general concept of multifractal spectrum as follows:
Fix a metric space X and a set Y and let ϕ : X → Y be a map. Recently the following problem, known as multifractal analysis of the map ϕ, has attracted considerable interest. What is the Hausdorff dimension or the topological entropy or . . . of the level sets of ϕ, i.e., What is the Hausdorff dimension or the topological entropy or . . . of the following so-called multifractal decomposition sets of ϕ? E(t) = {x ∈ X : ϕ(x) = t} , t ∈ Y.
(1.1)
For a topological dynamical system (X, d, T ) (or (X, T ) for short) consisting of a compact metric space (X, d) and a continuous map T : X → X, let ϕ(x) = lim
for some continuous function ψ : X → R. Then there are fruitful results about the descriptions of the structure (Hausdorff dimension or topological entropy or topological pressure) of the level sets of ϕ in topological dynamical systems. Early studies of the level sets was about their dimensions and topological entropy. See Barreira & Saussol [6] , Barreira, Saussol & Schmeling [7] , Oliver [17, 18] , Fan & Feng [10] , Olsen [21, 22, 23] , Olsen & Winter [24, 25] , Takens & Verbitskiy [30] , Zhou, Chen & Cheng [41] and Pfister & Sullivan [29] . Recently, the topological pressures of the level sets has also been investigated. See Thompson [32] , Pei & Chen [26] , Yamamoto [36] , Climenhaga [9] and Zhou & Chen [39, 40] . The reader is referred to [1, 2, 3] and references therein for recent developments in multifractal analysis. Now, nonuniformly hyperbolic systems attract more and more attentions. We refer the readers to Barreira & Pesin [4] [19] , Oliveira & Viana [20] , Wang & Sun [35] and references therein for recent results in nonuniformly hyperbolic systems. It is well known that the specification property plays an important role in some uniformly hyperbolic dynamical systems. The notion of specification is slightly weaker than the one introduced by Bowen that requires any finite sequence of pieces of orbit is well approximated by periodic orbits. It implies that the dynamical systems have some mixing property. One should mention that other mild forms of specification were introduced by Pfister & Sullivan [29] and Thompson [33] to the study of multifractal formalism for Birkhoff averages associated to beta-shifts, and by Pfister & Sullivan [28] , Yamamoto [37] and Varandas [34] to study large deviations. This article will use the weak form of specification introduced by Varandas [34] in a nonuniformly hyperbolic context.
Denote by M(X) and M(X, T ) the set of all Borel probability measures on X and the collection of all T -invariant Borel probability measures, respectively. It is well known that M(X) and M(X, T ) equipped with weak* topology are both convex, compact spaces. Definition 1.1. [34] We say that (T, m) satisfy the non-uniform specification property if there exists δ > 0 such that for m-almost every x and every 0 < ǫ < δ there exists an integer p(x, n, ǫ) ≥ 1 satisfying
and so that the following holds: given points x 1 , · · · , x k in a full m-measure set and positive integers n 1 , · · · , n k , if p i ≥ p(x i , n i , ǫ) then there exists z that ǫ-shadows the orbits of each x i during n i iterates with a time lag of p(
We may assume that the shadowing property hold on a set K and K is T -invariant.
• If m is T -invariant in the definition of non-uniform specification, then we let K = supp m.
• If m is Lebesgue measure, then K = X.
So, it is a mild condition that K is T -invariant. Now, we state the main result of this article as follows:
is a topological dynamical systems with the non-uniform specification as above. If ϕ and ψ are two continuous functions on K, then
where K(ϕ, α) := x ∈ K :
ϕ(T i x) = α , h ν is the metric entropy of the measure ν and P (Z, ψ) denotes the topological pressure of ψ with respect to the set Z.
Proof of Main Result
In this section, we will prove our main result. The upper bound on P (K(ϕ, α), ψ) is easy to get. However, in order to obtain the lower bound on P (K(ϕ, α), ψ), the dynamical system should be endowed with some mixing property such as specification by Takens & Verbitskiy [30] , Tomphson [32] , g almost product property by Pfister & Sullivan [28, 29] , Pei & Chen [26] , Yamamoto [36] . Here, we will use the weak specification introduced by Varandas [34] . The proof will be divided into the following two subsection.
Now, we present the definition of topological pressure. Let Z ⊂ X, be given and Γ n (Z, ǫ) be the collection of all finite or countable covers of Z by sets of the form B m (x, ǫ), with m ≥ n. In the next we will denote
then there exists a unique number P (Z, ϕ, ǫ) such that
is called the topological pressure of Z with respect to ϕ.
Upper Bound on P (K(ϕ, α), ψ)
K can be viewed as a subsystem. The upper bound of P (K(ϕ, α), ψ) holds without extra assumption. By [32] , we have
Before showing the lower bound, we give an important lemma as follows.
Lemma 2.1. [31, 32] (Generalised Pressure Distribution Principle) Let (X, d, T ) be a topological dynamical system. Let Z ⊂ X be an arbitrary Borel set. Suppose there exist ǫ > 0 and s ≥ 0 such that one can find a sequence of Borel probability measures µ k , a constant K > 0 and an integer N satisfying
for every ball B n (x, ǫ) such that B n (x, ǫ) ∩Z = ∅ and n ≥ N. Furthermore, assume that at least one limit measure ν of the sequence µ k satisfies ν(Z) > 0. Then P (Z, ψ, ǫ) ≥ s.
Lower Bound on P (K(ϕ, α), ψ)
The dynamical system needs some mild assumption (non-uniform specification) to obtain the lower bound of P (K(ϕ, α), ψ). Choose a strictly decreasing sequence δ k → 0 and fix an arbitrary γ > 0. Let us fix µ ∈ M(K, T ) satisfying K ϕdµ = α and
By Birkhoff's ergodic theorem, we can choose a strictly increasing sequence l k → ∞ so that each of the sets
For any sufficiently small ǫ > 0, we can find a sequence
We choose ǫ sufficiently small so that the lemma applies and V ar(ψ, 2ǫ) < γ. We fix all the ingredients provided by the lemma. We now use the non-uniform specification property to define the set S k as follows. Let y i ∈ S k,i and define x = x(y 1 , · · · , y j(k) ) to be a choice of point which belongs to m-full measure set K and satisfies
In fact, by non-uniform specification, we can first choose x ⋆ ∈ K, such that
for all l ∈ {1, · · · , j(k)} where a 1 = 0 and
. Such x is what we want, if x is more than one, then we choose one and fix it. Furthermore, fix δ > 0, for sufficiently small ǫ, n k can been chosen so large that
Let S k be the set of all points constructed in this way. Let
Then n k is the amount of time for which the orbit of the points in S k has been prescribed and we have n k / n k → 1. We can verify that S k is (n k , 4ǫ) separated and so
We assume that γ ′ was chosen to be sufficiently small so that the following lemma holds.
Lemma 2.4. We have In this subsection, we will construct the intermediate sets {C k } k∈N and {L k } k∈N . First, we choose a sequence N k which increases to ∞ sufficiently quickly as follows:
. Enumerate the points in the sets S 2 = {x 2 . Using the non-uniform specification property, we can choose a point
for all j ∈ {1, · · · , N 2 } where a j = (j − 1)(n 2 + max x∈S 2 p(x, n 2 , ǫ/2 3 )). Moreover, we can
Collect such y and define
y ∈ C 2 . Let t 1 = c 1 and t 2 = t 1 + max
p(x, t 1 , ǫ/2 3 ) + c 2 Using non-uniform specification property, we can find a point z ⋆ := z ⋆ (x, y) ∈ K which satisfies
Moreover, we can choose z = z(x, y) ∈ K such that
Collect such z and define L 2 = {z(x, y) : x ∈ L 1 , y ∈ C 2 }. Generally, we let
p(x,n k+1 ,ǫ/2 k+2 )
.
Enumerate the points in the sets S k and write them as follows:
Consider the set of words of length N k with entries in {1, 2,
Using the non-uniform specification property, we can choose a point y ⋆ := y
. Then c k is the amount of time for which the orbit of points in C k has been prescribed.
Lemma 2.5. Let i and j be distinct words in {1, 2,
We construct L k+1 from L k as follows. Let x ∈ L k and y ∈ C k+1 . Let t 1 = c 1 and
k+2 ) + c k+1 Using non-uniform specification property, we can find a point z ⋆ := z ⋆ (x, y) ∈ K which satisfies
Collect such z and define L k+1 = {z(x, y) : x ∈ L k , y ∈ C k+1 }. Note that t k is the amount of time for which the orbit of points in L k has been prescribed. Lemma 2.6. For every x ∈ L k and distinct y 1 , y 2 ∈ C k+1 , we have
Construction of the Fractal F and a Special Sequence of Measures
Since we have a decreasing sequence of compact sets, the intersection F = k F k is non-empty. Further, every point p ∈ F can be uniquely represented by a sequence p = (p 1 , p 2 , · · · ) where each
It is clear from our construction that we can uniquely represent every point in F in this way.
We now define the measures on F which yield the required estimates for the pressure distribution principle. For each z ∈ L k , we associate a number L k (z) ∈ (0, ∞). Using these numbers as weights, we define, for each k, an atomic measure centered on L k .
We define
. We normalize ν k to obtain a sequence of probability measures µ k . More precisely, we let
In order to prove the main result of this article, we present some lemmas. The following lemma is similar to Lemma 5.4 of [30] so we omit the proof.
Lemma 2.9. Suppose ν is a limit measure of the sequence of probability measures µ k . Then ν(F ) = 1.
Lemma 2.10. For any p ∈ F, we have lim
Proof. It relies on (ii) of Lemma 2.4. The proof goes like Lemma 5.3 of [30] .
Let B = B n (q, ǫ/2) be an arbitrary ball which intersects F. Let k be the unique number which satisfies t k + max
be the unique number so
We assume that j ≥ 1 and the simpler case j = 0 is similar.
Lemma 2.11. For any p ≥ 1, suppose µ k+p (B) > 0, there exists unique x ∈ L k and
p(x, n k+1 , ǫ/2 k+2 ))).
, Case p > 1. Similarly, we have
Combining with the fact
p(x, n k+1 , ǫ/2 k+2 ))), the desired result follows.
Lemma 2.12. For sufficiently large n,
Proof. For sufficiently large n, we have κ k M j k+1 ≥ exp((C − 2γ)n). By Lemma 2.11, the desired result follows.
Applying the generalized pressure distribution principle and letting ǫ → 0, γ → 0, we complete the proof.
Some Applications
In this section, by the work of Paulo Varandas [34] , Theorem 1.1 can be applied (i) to Maneville-Pomeau map, (ii) to multidimensional local diffeomorphisms, and (iii) Viana maps. 
Paulo Varandas [34] proved that when m is SRB measure or the maximal entropy measure, ([0, 1], T, m) satisfies non-uniform specification. Example 2 multidimensional local diffeomorphisms Let T 0 be an expanding map in T n and take a periodic point p for T 0 . Let T be a C 1 -local diffeomorphism obtained from T 0 by a bifurcation in a small neighborhood U of p in such a way that: (1) every point x ∈ T n has some preimage outside U;
(2) DT (x) −1 ≤ σ −1 for every x ∈ T n \ U, and DT (x) −1 ≤ L for every x ∈ T n where σ > 1 is large enough or L > 0 is sufficiently close to1; (3) T is topologically exact: for every open set U there is N ≥ 1 for which T N (U) = T n Paulo Varandas [34] proved that if m be the unique ergodic equilibrium state for Holder continuous potential − log |detDT |, then (T, m) satisfies non-uniform specification. where d ≥ 16 is an integer, a is a Misiurewicz parameter for the quadratic family, and α is small. Paulo Varandas [34] proved that when m is SRB measure or Lebesgue measure, then Viana maps satisfy non-uniform specification. 
